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ABSTRACT
An analytical solution is developed for three-dimensional flow towards a partially penetrating
large-diameter well in an unconfined aquifer bounded below by an aquitard of finite or semi-
infinite extent. The analytical solution is derived using Laplace and Hankel transforms, then
inverted numerically. Existing solutions for flow in leaky unconfined aquifers neglect the
unsaturated zone following an assumption of instantaneous drainage assumption due to Neuman
[1972]. We extend the theory of leakage in unconfined aquifers by (1) including water flow and
storage in the unsaturated zone above the water table, and (2) allowing the finite-diameter
pumping well to partially penetrate the aquifer. The investigation of model-predicted results
shows that leakage from an underlying aquitard leads to significant departure from the
unconfined solution without leakage. The investigation of dimensionless time-drawdown
relationships shows that the aquitard drawdown also depends on unsaturated zone properties and
the pumping-well wellbore storage effects.
INTRODUCTION

The assumption that the water flow and storage in the unsaturated zone is insignificant for
unconfined aquifer tests was first questioned by Nawankor et al. [1984] and later by Akindunni
and Gillham [1992] based upon analysis of data collected during pumping tests in Borden,
Ontario Canada. Analyzing the collected tensiometer data and soil moisture measurements, the
authors concluded that the proper inclusion of unsaturated zone in analytical models used for
pumping test analysis would lead to improved estimates of aquifer specific yield. Several
analytical solutions were developed for flow to a pumping well in an unconfined aquifer, taking
into account the unsaturated zone [Mathias and Butler 2006, Tartakvosky and Neuman 2007,

Mishra and Neuman 2010]. These models consider the unsaturated zone effects by coupling the
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governing flow equations at the water table; the saturated zone governed by the diffusion
equation and the vadose zone governed by the linearized unsaturated zone Richards’ equation,
using the linearization of Kroszynski and Dagan [1975]. These models considered the limiting
case where the pumping well has zero radius. For detailed discussion regarding the fundamental

differences between these three models readers are directed to Mishra and Neuman [2010].

Drawdown due to pumping a large-diameter (e.g., water supply) well in an unconfined
aquifer is affected by wellbore storage (Papadopulous and Cooper, 1967). Narasimhan and
Zhu [1993] used a numerical model to demonstrate that early time drawdown in an unconfined
aquifer tends to be dominated by wellbore storage eftects. Mishra and Neuman [2011] developed
an analytical unconfined solution, which considers both pumping-well wellbore storage capacity,
and three-dimensional axi-symmetrical unsaturated zone flow. They represented unsaturated
zone constitutive properties using exponential models, which result in governing equations that
are mathematically tractable, while being sufficiently flexible to be fit to other widely used
constitutive models like Gardner [1958], Russo [1988], Brooks and Corey [1964],van
Genuchten [1980], and Mualem [1976]. However, Mishra and Neuman [2011] considered the
unconfined aquifer to be resting on an impermeable boundary and therefore did not account for
the potential effects of leakage from an underlying formation (e.g., an aquitard or fractured

bedrock).

The classical theory of leakage for confined aquifers was originally developed by
Hantush and Jacob [1955] assuming steady-state vertical flow in overlying and underlying
aquitards and horizontal flow in the pumped aquifer. Hantush [1960] later modified the theory of
confined leaky aquifers to include transient vertical aquitard flow, giving asymptotic expressions

for early and late times. Neuman and Witherspoon [1969a,b] developed a more complete
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analytical solution for the more general multiple aquifer flow problem, but did not consider
general three-dimensional aquitard flow.

Yotov [1968] first investigated the effect of leakage from underlying strata on flow in an
unconfined aquifer. He adopted the Boulton [1954] type model to simulate unconfined aquifer
flow and considered only vertical flow in aquitard. Ehlig and Halepaska [1976] investigated
leaky-unconfined flow through a finite-difference simulation, which coupled the Boulton [1954]
and Hantush and Jacob [1955] models to simulate leakage across the aquifer-aquitard boundary.
Zlotnik and Zhan [2005] developed an analytical solution for the flow towards a fully penetrating
zero-radius well in a coupled unconfined aquifer—aquitard system where both the unsaturated
zone and the horizontal aquitard flow are neglected. Zhan and Bian [2006] extended the work
of Zlotnik and Zhan [2005] and developed analytical and semi-analytical methods for computing
the leakage rate and water volume induced by pumping based on the works of Hantush and
Jacob, [1955] and Butler and Tsou [2003]. Following Zlotnik and Zhan [2005], Zhan and Bian
[2006] also neglect horizontal aquitard flow. The assumption of strictly vertical aquitard flow
was justified for limiting aquifer/aquitard hydraulic conductivity contrasts by Neuman and
Witherspoon [1969b]. Additionally, both Zlotnik and Zhan, [2005]and Zhan and Bian
[2006] restrict their solutions to the case of an aquitard of semi-infinite vertical extent. Malama
et al. [2007] developed a solution for three-dimensional aquitard flow in a finite thickness
aquitard, but considered the zero-radius pumping well to be fully penetrating and ignored the
flow in unsaturated zone. Here, we develop a more general leaky-unconfined aquifer solution by
considering a partially penetrating large-diameter well and including the effects of unsaturated
zone flow following Mishra and Neuman [2011]. The solution is used to investigate the effect of

an aquitard on drawdown in overlying unconfined aquifer. We conclude by investigating the
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effects of wellbore storage capacity and the unsaturated zone on drawdown observed in the
aquitard.
LEAKY-UNCONFINED THEORY
Statement of Problem
We consider a compressible unconfined aquifer of infinite radial extent resting on a

finitely thick aquitard (Figure 1). The aquifer and aquitard are each spatially uniform,

S

homogeneous and anisotropic, with constant specific storage *s and Ssl, respectively (a
subscript 1 indicates aquitard-related properties). The aquifer has a fixed anisotropy ratio

Ky =K. /K, of vertical K- to horizontal K saturated hydraulic conductivity. The aquitard

K

vertical and horizontal hydraulic conductivities are ™z and Krl. The aquifer is fully saturated

beneath an initially horizontal water table at elevation * = b defined as the ¥ =0 isobar where

Y ois pressure head. A saturated capillary fringe at non-positive pressure Ves¥=0 oytends

<0

from the water table to the ¥ = ¥ 1sobar; Va is the pressure head required for air to enter a

saturated medium. Prior to the onset of pumping the saturated hydraulic system (aquifer and

aquitard) is at uniform initial hydraulic head hy=b+y, Starting at time ¢ = 0, water is pumped

at a constant volumetric flowrate O from a well with finite radius ' and wellbore storage

coefficient Cw (volume of water released from storage in the pumping well per unit drawdown in

the well casing). The pumping well penetrates the saturated zone between depths / and d below

s(r,z,t) = h(r,z,O)— h(r,z,t)

the initial water table. Under these conditions the drawdown in the

saturated zone is governed by the diffusion equation
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2
Kli(,ﬁﬁ).FKE:S% r=r, O=<sz<b

"ror\ or ozt ot (1)
along with the far-field boundary condition
S(Oo,Z,t)=O’ (2)
the no-flow condition at the portion of the well casing that is not open to the aquifer
r 9s =0 Osz=<b-1I b-d=sz=<b
ar)_ T =2=0, 3)
and the wellbore storage mass-balance expression
as os
2zK (I-d)|r— -C | — = - b-l<z<b-d
Oy el e | ®

The corresponding linearized unsaturated water flow equations (Mishra and Neuman, 2010) are

1o do ad 00 00
K’_kO(Z);E(VE)'FKZg(kO(Z)E)—CO(Z)E rzr, b<Z<b+L’ (5)
where O(r 25t ) is drawdown in the unsaturated zone, kO(Z ) is relative permeability and G (Z )

1s moisture capacity (slope of the curve representing water saturation as a function of pressure

head) functions with the functional dependence limitations on the respective constitutive models
k,(2)=k(6,) Co(z)=C(6,), ©)
the initial condition

G(}’,Z,O)=O’ 7)

the far-field boundary condition

o(w,z,t)= 0’ (8)

the no-flow condition at the ground surface
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=0 I”ZI’;V (9)

aZ z=b+L

and the no-flow condition at the well casing

(78—0) =0 b<Z<b+L' (10)
r=0

s—0=0 r=r, z=b, (11)
Jds dJo
8_Z_a_z=0 r=r, z=b' (12)

Aquitard drawdown 51 (r 251 ) is governed by

(13)

] 0 ]
K li rﬂ +K i=S By r=0 —blsz<0
por\ or 9z Yot :

Additionally, aquitard flow satisfies no-flow conditions at the bottom and center of the flow

system
ds, ds, 0
“or| ezl T (14)

T I

The interface condition across the aquifer-aquitard boundary is

s=5,=0 r=r, z=0 (15)
Js asl
z£=Kzla—Z . I”ZI’;V Z=O (16)

Like Mishra and Neuman [2010], we represent the aquifer moisture retention curve using

an exponential function
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S =—=ear(w_Wa) a ZO wa ZO (17)

S 7

¢ 18 effective saturation, “r is residual water content and S,v =0,-6

where r 1s drainable
porosity or specific yield. We also adopt the Gardner [1958] exponential model for relative

hydraulic conductivity,

ak(l/}—’[/)k) 'l// < 1/}
k@) =1 g =0 =0
@) { | v <y, % V=0, (18)

with parameters % and ¥ that generally differ from % and ¥« in (17). The parameter ¥«

represents a pressure head above which relative hydraulic conductivity is effectively unity,

which is sometimes but not always is the air-entry pressure head Y. In addition to rendering the
resulting equations mathematically tractable, these exponential constitutive models are
sufficiently flexible to provide acceptable fits to standard constitutive models such as those
mentioned earlier.
Point Drawdown in Saturated and Unsaturated Zones of the Unconfined Aquifer and
Aquitard

Following Mishra and Neuman [2011], it is shown in Appendix A that drawdown in the

saturated zone can be decomposed as

S=8.+8, (19)
where Sc is solution for flow to a partially penetrating well of finite radius in a confined aquifer
and v is a solution accounting for the underlying aquitard, water table, and unsaturated zone

effects. The Laplace transformed solution Sc is given by Mishra and Neuman [2011] as
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477%90 C, K, (r9)+ 3 €, K, (1,9, Joos [ (12, )] 20)

n=1

SC(rD’ZD’pD)=

where

o [sin(nnt,)-sin(nwd,) | i Cp 2o
C, = m , C = = (ID - dd)l’lQ(n) , Qn)=r,,¢,K, (rw1)¢n)+ m’ﬂwﬂjn K, (rwb(pn) ,

D D

ro=rr r=rlb z,=zlb d,=dlb_1,=1/b p,=pt C,=C/(«Shr) i the

2 2,2
Laplace parameter, 9, = \/pD [t +r K , and K, and X1 are second-kind modified Bessel

functions of orders zero and one.
The Laplace transformed unsaturated zone drawdown © is given by Mishra and Neuman [2011]

and is presented in Appendix D for sake of completeness.

The Laplace transformed Sv derived in Appendix B is

2

- p zZ -uz r K
sU(rD,zD’pD)=f{ple”D +pe’’ D} =Ly, [ngzrD]dy @
0

2
r

e P 2 O o P )

where P1 = A , P = A j
2 K K a b
b=R tanh(u R 2V Pp R =—2% R -3 R =% p=21
ql Kz‘ul (MI b) ’ M] RK tsKDrDzRK Ra ’ o D ’ * Kz ’ - as ’ ’ b ’

a =K /S, A=(i+1)(i—1)e-”—(i-l)(in)eﬂ
oo gb  \qb gb  \qb '

The Laplace transformed aquitard drawdown derived in Appendix C is
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(). tmtp K
Zosilzulbl 1/ b) ’ cosh I:.ul (ZD + Rb)] rDrz D yJo [ngzrD ] dy (22)

k?l(r[):»ZD)}jD) =f
0

where (EC)ZD is the Laplace-Hankel transformed confined aquifer drawdown and is defined in

Appendix D.

The time domain equivalents Se,Su, St and 9 of ¢, Su and ¢ are obtained through numerical

Laplace transform inversion using the algorithm of de Hoog et al. [1982].
Vertically Averaged Observation Well Drawdown

Drawdown in an observation well that penetrates the saturated zone between elevations

Zm =2 /b g0 Zpa=2/b

(Figure 1) is obtained by averaging the point drawdown over this

interval according to

Zp2

Szm—zm (’/‘D’ts)=;fs*(rD’ZD’ts)dZD (23)

p2 " %p1 5,

£

where 5 can be either aquifer drawdown s, aquitard drawdown s;, or a combination of the two,

depending on the observation well screen interval.

Delayed Piezometer or Observation Well Response
When water level is measured in a piezometer or observation well having storage coefficient C

the water level observed in the borehole is delayed in time. Following Mishra and Neuman

[2011], the measured (delayed) drawdown S» can be expresses in terms of formation drawdown

S via
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s, =8 [1 —et ] (24)

t

where s is basic (characteristic) monitoring well time lag. The dimensionless equivalent of (24)
is
=1yt
Sup =Sp [1=€" ] (25)
a.x'tB
where s = 2 »and r is the radial distance to the monitoring location.

MODEL-PREDICTED DRAWDOWN BEHAVIOR

We illustrate the impacts of an underlying aquitard on unconfined aquifer drawdown for

the case where Ko =1, Ssb/Sy =10'3’ a, =a,, =10’ Y. =1ka’ d, =0.0’ C,, =103, [,=0.6

and rw/b=0'02, where %o = akb, a,p= acb’ Y =¥, /b, and Yo =Y:/? we also
investigate the effects that wellbore storage capacity of the pumping well, the unconfined
aquifer, and the unsaturated zone have on aquitard drawdown.

Dimensionless unconfined aquifer time-drawdown

We start by considering drawdown at two locations in the unconfined aquifer saturated

zone, one location closer to water table (“p and the other closer to the aquitard-aquifer

=0.25

boundary (“p ). Figures 2a and 2b compare variations in dimensionless drawdown

sp (75251, ) = (47K b/ Q)s(7,,2,,t t=atlr

»t.) with dimensionless time ’s z,=0.25

at and

z,=0.75 predicted by our proposed solution and the solutions of Mishra and Neuman [2011],

Neuman [1972], and the modified solution of Malama et al. [2007] (modified to include the
partially penetrating pumping well effects, as done in Malama et al. [2008] for a multi-aquifer

system). The solutions of Neuman [1972] and Malama et al. [2007] do not include wellbore
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storage effects, and therefore they overestimate drawdown at early time. Both of these solutions
also ignore the unsaturated zone above the water table, considering the water table a material
boundary. Our proposed solution follows Mishra and Neuman [2011] when leakage effects are
minor, but our solution predicts less drawdown when leakage effects are significant. It is seen in
Figure 2b that solution of Mishra and Neuman [2011] overestimates drawdown near the aquitard
at intermediate time because it does not include aquitard leakage. Near the water table (Figure
2a) the effects of aquitard leakage are minimal and our proposed solution approaches Mishra and
Neuman [2011] at all times.

Figures 3a and 3b show dimensionless time-drawdown variations at dimensionless radial

r.=0.5 0.25

distance and dimensionless unconfined aquifer saturated zone elevation “» = with

different values of RKZ - Kz1 /K, when the radial aquitard hydraulic conductivity is large

-6
( RKr - 1) and small ( RK,. =1.0x10 ). When the radial hydraulic conductivity in aquitard is

=1.0x10"°

negligible ( RK,. ), aquitard flow is predominately vertical; larger values of vertical

aquitard hydraulic conductivity cause decreases in intermediate time drawdown (Figure 3a). It is

seen from Figure 3b that when aquitard horizontal hydraulic conductivity is large ( RK,. =0.1 ) the

amount drawdown is reduced from further increases in aquitard vertical hydraulic conductivity

also extend to the later time.

Figure 4 depicts the effect of RK,. =Kr, /K, on the dimensionless time-drawdown at

dimensionless radial distance "> =9 and dimensionless unconfined aquifer saturated zone

elevation 2o =925 when RKZ =0.1 . Radial flow in the aquitard results in less drawdown at late

time than that predicted by Mishra and Neuman [2011], who do not account for aquitard leakage.
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Figure 5 presents the effect of hydraulic conductivity of an isotropic aquitard on

dimensionless time-drawdown at dimensionless radial distance ’» =0.5 and dimensionless

2,=0.25 Wwhen aquitard hydraulic conductivity is

unconfined aquifer saturated zone elevation
less than two orders of magnitude smaller than the unconfined aquifer, the effects of leakage on
the aquifer drawdown are negligible. This is in agreement with findings of Neuman and
Witherspoon [1969b] for confined aquifers. They found errors <5% attributable to the vertical
aquitard flow assumption, when the hydraulic conductivity contrast between the aquifer and
aquitard was at least two orders of magnitude. Figure 5 also presents a case where the hydraulic

conductivity of the zone underlying unconfined aquifer is larger than the aquifer. Because the

proposed model accounts for general three-dimensional flow in underlying zone, we can

consider the case where the lower layer is more permeable than the aquifer ( RK,. =2 ).

Figure 6 shows how the dimensionless unconfined aquifer time-drawdown is affected by

aquitard thickness. When the aquitard thickness is less than the initial unconfined aquifer

saturated thickness (Rb Sl) aquitard leakage only affects the time-drawdown curve at
intermediate time. Figure 6 shows that further increases in aquitard thickness beyond eight times
the initial unconfined aquifer saturated zone thickness have negligible effect on the time-
drawdown curve.

Dimensionless aquitard time-drawdown

Figure 7 depicts dimensionless aquitard drawdown 5p (r D’ZD’ts) = (4”Krb / Q)s] (r D’ZD’ts)

t=atlr

variations with dimensionless time °s 1, =02

at dimensionless radial distance and

dimensionless aquitard elevation “p = 025 for different values of Cup. As with solution of

Mishra and Neuman [2011] for non-leaky systems, aquitard drawdown is impacted by pumping-
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well wellbore storage capacity. Larger wellbore storage factors impact the aquitard drawdown

for a longer period.

Figure 8 depicts the effect that changes in %o, the dimensionless relative hydraulic

conductivity exponent, have on dimensionless time-drawdown at dimensionless radial distance

r, =02 and dimensionless aquitard elevation %o = =0.25 . For larger values of %, the hydraulic

conductivity of the unsaturated zone decreases at a faster rate as pressure drops (becomes more

negative) relative to its threshold (UJk ). The rate water drains under a given hydraulic gradient

from the unsaturated zone into the saturated zone diminishes, decreasing dimensionless aquitard
drawdown. For very large %o unsaturated hydraulic conductivity drops precipitously as

pressure head falls below L causing the unsaturated zone to be effectively impermeable.

We conclude this analysis by showing in Figure 9 the effects that changes in %o, the

dimensionless effective saturation exponent, have on dimensionless time-drawdown at

r.=0.2

dimensionless radial distance and dimensionless aquitard elevation “p = —0.25 . When

both exponents are large, hydraulic conductivity and pressure head in the unsaturated zone drop

(the latter becoming negative) quickly as pressure head approaches the thresholds Yeand Y.
The unsaturated zone loses its ability to store water above the water table, causing this surface to
behave as a moving boundary, which leads to the limiting-case behavior of instantaneous
drainage due to Neuman [1972]. Consequently, for large values of exponents (Figure 9, red

curve) our solution reduces to that the solution of Malama et al. [2007], which relies on the

assumption of instantaneous drainage of Neuman [1972]. As 4.p decreases, the capacity of the

unsaturated zone to store water at a given negative pressure head increases, causing delayed
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water table response to diminish and dimensionless drawdown to increase earlier than predicted

by Malama et al. [2007].

CONCLUSIONS

Our work leads to the following major conclusions:

A new analytical solution was developed for axially symmetric saturated-unsaturated
three dimensional radial flow to a well with wellbore storage that partially penetrates the
saturated zone of a compressible vertically anisotropic leaky-unconfined aquifer. The
solution accounts for both radial and vertical flow in the unsaturated zone and the

underlying aquitard.

Because the solution considers three-dimensional radial flow in the aquitard, any
properties may be assigned to the aquitard, allowing the solution to also be used to
simulate leakage from underlying bedrock or other non-aquitard layers (e.g., an

unscreened aquifer region with different hydraulic properties).

Aquitard leakage can lead to significant departures from solutions that do not account for
leakage, e.g., Mishra and Neuman [2011]. However, the effect of leakage on unconfined

aquifer drawdown diminishes at points farther away from the aquifer-aquitard boundary.

Unsaturated zone effects are often more important than leakage effects when the

observation location is close to the water table.

For large diameter pumping wells, at early time water is withdrawn entirely from the
wellbore storage. Solution that do not account for wellbore storage predict a much larger

early rise in drawdown.
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6. Aquitard drawdown is also affected by the pumping-well wellbore storage capacity. As in
the unconfined aquifer, larger wellbore storage capacity leads to larger impacts on the

observed aquitard drawdown.

7. The unsaturated zone properties not only affect the unconfined aquifer time-drawdown

behavior but they also impact the observed aquitard response.
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APPENDIX A: DECOMPOSITION OF SATURATED ZONE SOLUTION

In a manner analogous to Mishra and Neuman [2010] we decompose s into two parts

§=5c + Sy (Al)
where Sc is solution for a partially penetrating well in a confined aquifer, satisfying
1 o[ ds. a%s 1 os
S| r=C|+K - ¢C r=r, O0<sz<b
r ar( or ) P oz? a, ot (A2)
SC(}",Z,O)=0 rer (A3)
SC(OO,Z,t)=O (A4)
s, 0
— = =
P r= I’w (AS)
z={0,b}
9c =0 O<z=b-1I b-d=z=<bh
o ) (A6)
s ds
27K (I-d)|—< -C, | —< =- b-l<sz<b-d
(-a)(Ge) -l ) 0 . A7)

and %v is a solution that takes into account aquitard and saturated-unsaturated unconfined

conditions, but has no pumping source term, satisfying

1d/( ds, a’s, 1 0s

S (¥ eiad U0 DY Qi el O rzr O0=<sz<b

rar( ar) Yo a, ot v (A8)
s, (r,z,0)=0 rzr, (A9)
s, (®0,2,t)=0 (A10)
ds,, K, as,

v A r=r z=0

0z K oz " (A1)
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s,
(E) =0 Oszs=b (A12)

subject to interface conditions at the water table,
SC+SU—O=O r=r z=b (A13)

ds. ds, dO
—+—=-—=0 rzr, z=b
dz 0z 0z ! : (Al4)

APPENDIX B: LAPLACE SPACE SOLUTION FOR SATURATED ZONE
Equations (Al) — (Al4) are solved by sequential application of the finite cosine

transform, the Hankel transform,

fa)= [r1 (ar) fr)dr B1)
0

and Laplace transform

F(p) = [ Fre " ©2)
0

9 and Laplace parameter? Ty being zero-order first-kind Bessel

with Hankel parameter
function.

Mishra and Neuman [2011] showed that the transform of the confined aquifer solution is

ic(a’ZD’pD)= Co {%]1 (arw)Ko(’ﬂvTO)+ W, (ar)Kl(rZ)Z);::w J) (ar)Ko (m—o)}
0

(B3)
N I (ar)K (rz )=ar J (ar)K
+ZC" {%Jl(arw)Ko(VwT0)+anw o(a’”) 1(7’2,2)4-:;%, 1(617”) O(Ftn)}cos[m(l—ZD)]

where 1" =@ /Ky +pla K,

The Laplace transform of (A8)—(A14) is
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_ 2—
li(’,a&)_'_KDaSU =£_
o

ror ar 0z* g v
EU(OO,Z,p)=O
Il o
0z
z=0
o5
ri =0
or

L
w

Sc+5,-0=0

@_FGEU 0
0z Jdz 0z

Taking the Hankel transform of (B4) — (B9) yields

The general solution of (B10) subject to (B11) is

T — nz -1z
Sy = e + e

Consider that (a‘?c / 0z ) =0, 2=0

%=q(§c+§u)

together with ¢, which is derived in (D15) of Mishra and Neuman [2011],

O<z<b

O<sz<b

and 7= by virtue of (A5), along with

(B4)

(BS)

(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)

(B15)
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s _

a_;]:ql(gcﬁlf) z=0 (B16)

together with 41 , which is derived in (C7), we obtain from (B12)-(B14)

9 (77 + q)e-nb (EC )z=0 ~ (](77 + ql)(A;C )z=b
P, = A (B17)

a(n-a)e” () ,~a(n-a)(%).,
P, = A (B18)

b

—nb
where A=(n-a)(n+4q)e™ - (n-q)(n+q,)e”
According to Mishra and Neuman [2011], the Lapalce—Hankel transformed drawdown in

confined aquifer can be written as

?C(a,zD,pD)= Co{r

4 " a’+7T,
. (B19)
S 1,(ar)K, (re,) - ar, 3, (ar)K
+;Cn {%Jl(arw)Ko(erO)erw o(ar) 1(r22)+:5rw 1(ar) o(rTn)}cos[nﬂ(l—zD)]
The inverse Hankel transform of (B14) is
= flne + peas, (o) 20)
0

1/2
Defining a new variable ¥ = 4" /Kb transforms (B20) into the result presented in (21).

0

It is noted that when %=V the aquiard is replaced by an impermeable boundary, and

Pr=pP,= n . These simplifications reduce (B20) to equation (3) of Mishra
cosh(nb) — —sinh(nb)
q

and Neuman [2011].
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APPENDIX C: AQUITARD SOLUTION

The Laplace—Hankel transform of the confined aquitard equations is

%, S, =
—a’s, + K, —L=p=L5, -b =z<0 Cl
z> K, : (CI)
0,
By virtue of the no-flow boundary condition at the bottom of the system, e 0 the
z==b

general solution to (C1) is

5,=p, cosh[nl (z+bl)] (C2)

1=§= C+?U z=0 (C3)
gives

5, =M cosh[n (z+b)]

: cosh(nbl) : : (C4)

The inverse Hankel transform of (C4) is

(= l) cosh[nl(z+b)]aJ (ar)d (Cs5)

=Lt}

1/2
Defining a new variable ¥ =%"/Kb'"> and using (B14) transforms (C5) into the solution
presented in (22).

The derivative of (C4) is



374 ——=1, ‘[anh(nlb1 )(?C + s:*U) z=0 (C6)

375  The flux boundary condition at the aquifer-aquitard interface

e 7P =0
376 oz K oz - (€7)

377  combined with (C6) gives

ds = =
378 a—z=%(sc+su) z=0 (C8)

KZ
379  Where 41 = ?771 tanh(nlbl)_

z

380

381 APPENDIX D: LAPLACE TRANSFORMED UNSATURATED ZONE DRAWDOWN

(o}

382  The Laplace transformed drawdown “ in the unsaturated zone is given by Mishra and Neuman

383 [2011] as

el LI, =DV i0Gy =D)ey 1Ky (s g
_fe (0 Y [io(0 SCZ=12y0yDrDy
0 J Lip(0)]+ x Y, [ip(0)] r
_ foracDaeakD
384 OUpzrp)=1 B I DN ¢ ., (D1)
= D™D
_[E Ty (SC)Z LT yJO(yKD rD)dy
fora,=a, =K,

Pp

385  where rD=’”/b, ZD=Z/b, u=y*+

4B : S a eakD(’/’kD_waD)
386 G =ab  9z,)= /A—;’e% D”’ Ap=ay-a,  B,=p,~2P S,=S,/8
D
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KDi\/K;+4 B+’ a4+ 4°
Yo =1/Jk/b’ Y. =1/Ja/b’ 510,20 =51,2b= 2 ( ) s V= kD)L2y , and
D

£-1-

u .
cosh(u) / (cosh(y)——smh(u)) are dimensionless quantities. The Laplace-Hankel

qp

transforms of the confined solution (B20) is

(D2)

where

=C, Kr; {y[;rzw 1 (3o K, (rpd )+ r;(z))}
D D
© 2
+; C, K’;rg {y;’}@_]l (J/D’"w )KO (er¢0)+ %}cos{m(l - ZD)}

F(”)=”WD¢,,J0()’D)K1(¢n)_yDerJl(yD)Ko(%), yD=szl>/2rD, and Iy and

modified Bessel functions of first kind of order zero and one. Finally, the

qp =1

(g, +n2,)3, [i0(L,)] - 2iB e 1 ig(L, )]

_ (akD + n)”D)Y,, [iff)(LD)] - 2i\/BDe"DLD Y [i¢(LD)] a,=a,
i a,=a,,L,
- 61D (310-235)t ap=4d.,p
2D
: ap =45 L,—x
(a_ ﬂ\ i U [@(0)] +xY. [ld)(O)]
k ;D + 2DJ l\/g J [ZYP(O)] +xY, [i(p(())] o = A,
61D1:'))CC(52D akD = aCD
610 a,=4a.,, LD —> 00

where Lp = L/b, J, and Y, are first and second kind Bessel functions of order n.

arc

(D3)

(D4)
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Nomenclature Table

Ss | aquifer specific storage L
S, | aquifer drainable porosity or specific yield
S. | effective saturation
6, | residual volumetric water content
0 | saturated volumetric water content
K, | aquifer radial hydraulic conductivity LT
K. | aquifer vertical hydraulic conductivity LT
Ss; | aquitard specific storage L'
K,; | aquitard radial hydraulic conductivity LT
K.; | aquitard vertical hydraulic conductivity LT
r | radial distance from the center of pumping well L
z | vertical distance from the bottom of the aquifer (positive up) L
t time since pumping began T
b saturated thickness of unconfined aquifer before pumping begins L
b; | thickness of aquitard L
/ distance from bottom of screened interval to top of aquifer L
L | thickness of vadose zone before pumping begins L
d | distance from top of screened interval to top of aquifer L
rv | diameter of pumping well L
w | pressure head (less than zero when unsaturated) L
h | hydraulic head (sum of pressure and elevation heads) L
s drawdown in aquifer; change in hydraulic head since pumping began L
s; | drawdown in aquitard; change in hydraulic head since pumping began L
o | drawdown in unsaturated zone; change in hydraulic head since pumping began L
W, | air-entry pressure L
wr | pressure for saturated hydraulic conductivity L
a. | exponent in moisture retention curve or sorptive number L'
ar | exponent in Gardner relative hydraulic conductivity model L'
a | Hankel transform parameter L'
Laplace transform parameter T'
n finite cosine transform parameter
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FIGURE CAPTIONS
Figure 1: Schematic representation of leaky unconfined aquifer-aquitard system geometry with
finite radius pumping well.

Figure 2: Dimensionless leaky-unconfined aquifer drawdown versus dimensionless time at

7 =05 when Ko =1 Sb/S =10" ay,=a,=10 y, =y, d,=00 1,=06
2 -2 2
CwD =10 , RKr =RKz =10 , RSs =10 , Rb —> 0 and (a) ZD =0.75 (b) ZD =025 Also

shown are solutions of Mishra and Neuman [2011], modified Malama et al. [2007] and
Neuman [1972].

Figure 3: Dimensionless leaky-unconfined aquifer drawdown versus dimensionless time at

r,=05 .4 2,=075 ¢ K

-3
- and o p=1 Sb/S =10

Ap =Ad.p =10, Yop =ka, d, =0'0,

b

R

2 2
lD=0-6’ C,,=10 , R, =10 , R, —> k, varies and (a) RK,

-6
) when =1.0x10 (b)

RK,. =1.0 . Also shown is solution of Mishra and Neuman [2011].

Figure 4: Dimensionless leaky-unconfined aquifer drawdown versus dimensionless time at

7y =05 ang 25 =075 for Ky =1 Sb/S, =107 ay,=a,=10 v, =w, d,=00
2 2
lD =0'6, C,,=10 , RSS =10 , RKZ =01 and &~ *® when RK, varies. Also shown

is solution of Mishra and Neuman [2011].

Figure 5: Dimensionless leaky-unconfined aquifer drawdown versus dimensionless time at

r,=05 .4 2,=075 ¢ K

-3
- and 2o p=1 Sb/S =10

Ap =d.p =10, Yop =ka, d, =0'0,

b

[,=06 C =10 R —

b when RK, =R

k, varies and Rss =1'0. Also shown is

solution of Mishra and Neuman [2011].
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Figure 6: Dimensionless leaky-unconfined aquifer drawdown versus dimensionless time at

7y =05 ang 25 =075 for Ky =1 Sb/S, =107 ay,=a,=10 v, =w, d,=00
2 -2
lD =0'6, C,,=10 , Rss - 100, RK, = RKZ =10 yhen R =870 yaries. Also shown

is solution of Mishra and Neuman [2011].

Figure 7: Dimensionless aquitard drawdown versus dimensionless time at ’p =05 and

2,=-025 ¢ K

D=1’ Ssb/Sy=10_3 akD=aCD=10) WaD=IPij dD=0'0) lD=0'6

2 2

C

-2
Ry =100 , RK, =R, =10 w the dimensionless wellbore storage varies.

s K, when

Figure 8: Dimensionless aquitard drawdown versus dimensionless time at p =05 and

2,==025 . K,=1 SbIS, =10 y,=y, C,=10°d,=00 [,=06

2
Rsy = 100, RK, = RKZ =107 hen %o =1 and % varies.

Figure 9: Dimensionless aquitard drawdown versus dimensionless time at ’p =05 and

D

2,==025 o K,=1 SbIS,=10° y,=y, C,=10°d,=00 [,=06

2

2 3
Ry =100 R, =R, =107 yhen % =10" and % varies.
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